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Abstract The employment of embedded cameras in navigation and guidance of
Unmanned Aerial Vehicles (UAV) has attracted the focus of many academic researches. In particular, for the multirotor UAV, the camera is widely employed for
applications performed in indoor environments, where the GNSS signal is often
unreliable and electromagnetic interference can be a concern. In the literature, images are mostly adopted for position and velocity estimation, rather than attitude
estimation. This paper proposes an attitude determination method for multirotor
aerial vehicles using pairs of vector measurements taken from a downward-facing
strapdown camera. The method is composed of three modules. The first one detects
and identifies the visible landmarks by processing the images. The second module
computes the vector measurements related to the direction from the camera to the
landmarks. The third module estimates attitude from the vector measurements. In
the last module, a version of the Multiplicative Extended Kalman Filter (MEKF)
with sequential update is proposed as estimation method. The overall method is
evaluated via Monte Carlo simulations, showing that it is effective in determining
the vehicle’s attitude and revealing its properties.
Keywords Multirotor Aerial Vehicle · Multiplicative Extended Kalman Filter ·
Attitude Determination · Computer Vision

1 Introduction
Recently, unmanned aerial vehicles (UAV) have becoming more and more common in our daily lives. Nowadays, these devices find applications in situations
which would involve risk or be too expensive for a human pilot. Some of the applications found in the literature are agricultural management [13], topography
D. A. Santos · P. F. S. M. Gonçalves
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reconstruction [16], surveillance and exploration of disaster areas [24], and soil
erosion monitoring [17]. In particular, the multirotor-type UAVs are highly suitable for the aforementioned applications thanks to their hovering and low-speed
flight capability, vertical take-off and landing (VTOL), and high maneuverability
[26].
The multirotor UAV needs feedback controllers in order to achieve stability.
Typically, the multirotor controller is organized in two loops: the internal loop,
concerned with the attitude control; and the external loop, which is governed by
the position controller, which in turn commands the internal loop [19]. In order
to provide feedback for the attitude controller, a control system for multirotor
vehicles requires attitude determination (AD), whose function is to estimate the
vehicle’s attitude (orientation) by processing the measurement signals of appropriate sensors (rate-gyros, accelerometers, magnetometers, etc.).
The research on AD in the aerospace community has a long history. In fact,
it acquired a formal aspect in [25], where the classical problem of attitude determination from vector measurements was first defined. The reference [27] describes
the first AD methods, classifying them into two categories: batch methods and
recursive methods. Besides this classification, the AD methods can be classified
according to the attitude parameterization they adopt. Euler angles and quaternions of rotation are the preferred attitude parameterizations. Euler angles allows
an ease 3D visualization. On the other hand, quaternions have the lowest dimensionality (four) among the nonsingular parameterizations. A survey of attitude
parameterizations is found in [21].
The first batch methods proposed for AD were the QUEST and the TRIAD
[22]. In these methods, the attitude is estimated using measurements of the present
time instant, discarding past measurements. In order to determine three-axis attitude, these methods require measurements from at least two physical vectors, e.g.
the gravity and the geomagnetic field density. If only one vector is considered, the
attitude stay undetermined around its direction.
In its turn, the recursive methods for AD can be divided into two groups,
depending on their underlying estimation criterion: Least Squares (LS) methods;
and Minimum Variance (MV) methods. Examples of quaternion estimators using
the LS criterion can be found in [1] and [6]. The Additive Extended Kalman
Filter (AEKF) [2] and the Multiplicative Extended Kalman Filter (MEKF) [15] are
examples of MV methods, also using the quaternions as attitude representation.
The filter presented in [8] is an example of MV method using Euler angles as
attitude representation.
The inertial sensors usually adopted in multirotor vehicles are low-cost microelectromechanical systems (MEMS). These devices provide quite noisy measurements and, for this reason, they often require auxiliary sensors. Particularly, one
can note that, together with the gravity vector, the accelerometers measure the
vehicle’s lateral acceleration and its vibration, which insert errors in the vector
measurements. To compensate those errors, the reference [9] estimates the vehicle’s lateral acceleration using a GPS receiver, while the reference [14] uses a
second order infinite impulse response (IIR) notch filter for rejecting the effects
of vibration. Although, in practice, the Kalman filter is quite commonly used for
multirotor attitude estimation, there are still few works in the literature reporting
them in detail; one can cite the following two papers: [26] and [12]. It is also worth
pointing out that the results concerning the problem of AD from vector mea-
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surements, as they were proposed in the aerospace literature, are to some extent
ignored in the recent literature on aerial robotics.
In the sequel, we review some works which deals with camera for state estimation in UAVs. The references [5] and [7] present filters that fuses accelerometer and
rate-gyro data with images from a single camera to estimate the position, the attitude, and the velocity of a conventional helicopter UAV. In both works, the camera
is fixed on the vehicle structure and faces one target with known position on the
floor. The reference [4] fuses stereo visual odometry with inertial measuremets using a Kalman filter for estimating the position and velocity of a quadrotor UAV.
The reference [20] presents a clear and extensive review about motion estimation
based on camera measurements, using different approaches, starting from horizonbased methods and passing through vanishing points, optical flow, and stereoscopic
methods. For indoor and urban applications, the reference [23] adopts a catadioptric optical system for attitude estimation.
The present work recall the classical problem of attitude determination from
vector measurements [25] to propose an attitude determination method appropriate for aerial robots, like multirotor vehicles. In our method, a single camera
together with a set of known landmarks are used to generate a set of noncollinear
vector measurements, each one corresponding to the direction from the camera
center to one of the landmarks. The state estimator adopted in this method is
a modified version of the MEKF [15]. The modification consists of a sequential
scheme, at each sample time, for updating the attitude estimates using just one
vector measurement per iteration. The remaining text is organized as follows. Section 2 defines the main problem of the paper. Section 3 describes the attitude
determination method proposed to solving the paper’s main problem. Section 4
evaluates the proposed attitude determination method on the basis of Monte Carlo
simulations. Finally, Section 5 presents the paper’s conclusions.

2 The Attitude Determination Problem
Consider the multirotor helicopter and the two Cartesian Coordinate Systems
(CCS) illustrated in Fig. 1. The body CCS SB , {XB , YB , ZB } is attached to the
vehicle structure, at its center of mass (CM) and has its z-axis, ZB , perpendicular
to the rotor plane. The reference CCS SR , {XR , YR , ZR } is fixed on the ground at
point O and has its z-axis, ZR , aligned with the local vertical. Fig. 1 also illustrates
a set of l landmarks.
Assume that the camera is positioned at CM and there is a triad of rate-gyros
installed parallel to SB . Define the set of landmark indices I , {1, 2, ..., l}. Let
i ∈ I be an arbitrary index. Denote the center of the ith landmark by M (i) .
Define s(i) to be the unit geometric vector pointing from CM to M (i) . Denote the
projections (or representations) of s(i) in SB and SR , respectively, by b(i) ∈ R3
and r(i) ∈ R3 . The representations b(i) and r(i) are related by b(i) = Dr(i) , where
D is the orthonormal attitude matrix of SB with respect to SR .
Assume that the positions of CM and of the landmarks with respect to SR are
all known. Assume also that, at instant k, the camera’s field of view is such that n
landmarks are visible. Denote the indices of such visible landmarks by i1 , i2 , ..., in ∈
I. Based on these assumptions, one can consider the following sequence of pairs
of vector measurements:
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Fig. 1 The Cartesian coordinate systems, the multirotor vehicle, and the flight environment.
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b̌k 1 , řk 1 , b̌k 2 , řk 2 , ..., b̌k n , řk n
,

(1)
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where b̌k and řk , for i = i1 , ..., in , are samples at instant k of b(i) and r(i) ,
respectively.


(i) (i)
Consider an arbitrary pair of vector measurements at instant k, b̌k , řk ∈
(i)

Vk , for some i ∈ I. As a measurement model, assume that the measurements b̌k
(i)
and řk are related by:
(i)

(i)

(i)

b̌k = D(mk )rk + δbk ,
(i)

(i)

(i)

řk = rk + δrk ,
(i)

(2)
(3)

(i)

where {δbk } and {δrk } are zero-mean Gaussian white sequences with covari(i)
(i)
ances Rb,k and Rr,k , respectively; and mk ∈ R3 is a sample at instant k of the
modified Rodrigues parameters (MRP) that parameterize the attitude matrix D.
The expression D(mk ) denotes the attitude matrix of SB with respect to SR corresponding to mk :
D(mk ) = I3 +

8[mk ×]2 − 4(1 − kmk k2 )[mk ×]
,
(1 + kmk k2 )2

where [mk ×] denotes the cross product matrix of mk .

(4)
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The attitude kinematics model for the MRP is given by [27]
ṁ(t) =



1
1 − m(t)0 m(t) I3 + 2 [m(t)×] + 2m(t)m(t)0 ω(t),
4

(5)

where m(t) is a continuous-time version of mk ; m(t)0 is the transpose of m(t);
and ω(t) ∈ R3 is the angular velocity of SB with respect to SR .
Let the measurement taken from the triad of rate-gyros at instant k be described by
ω̌ k = ω k + δω k ,

(6)

where ω k ∈ R3 is a sample of ω(t) at instant k; and {δω k } ∈ R3 is a zero-mean
Gaussian white sequence with covariance Q.
The main problem of the present work is to recursively compute an approximation m̂k|k of the minimum-variance (MV) estimate of mk using the dynamics model (5), the measurement model (2)–(3), the sequence of rate-gyro measurements ω̌ 1:k , {ω̌ 1 , ω̌ 2 , ..., ω̌ k }, and the sequence of vector measurements
V1:k , {V1 , V2 , ..., Vk }.

3 The Attitude Determination Method
This section proposes an attitude determination method to solve the problem
defined in Section 2. The method is structured in a framework consisting of three
modules, as illustrated in Fig. 2. Module 1 detects the visible landmarks and
computes their positions in image coordinates. Module 2 computes the vector
measurement pairs. Module 3 estimates the vehicle’s attitude using the vector
measurements together with angular velocity measurements.

Module 1
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Landmark
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Identification

Landmark
Characteristics

Landmark
Positions

𝐩(𝑖1 ) ,…, 𝐩(𝑖𝑛 )

Module 2
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Measurement
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Vehicle
Position

p

Vector
Measurements

𝒱𝑘

Module 3

Attitude
Estimate

Attitude
Estimation

̂𝑘
𝐦

Vehicle
Angular Velocity
Measurement

̌𝑘
𝛚

Fig. 2 Block diagram of the overall attitude determination method.

The following three sections detail our choice for each module of the above
framework.
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Fig. 3 Vector measurement computation.

3.1 Module 1: Landmark Detection and Identification
As the main contribution of this work is the framework of Fig. 2 itself and the
attitude estimation method adopted for module 3, for simplicity, module 1 will
be illustrated by means of artificial noise-free color images, avoiding cumbersome
issues related to image processing (the reader could refer to [10]). Therefore, a
different color is assigned to each landmark and to the image background, allowing
detection and identification without errors, by simply reading the image pixels
and comparing their RGB color description with the RGB code of the known
landmarks.

3.2 Module 2: Vector Measurement Computation
Let s denote an unit geometric vector pointing from CM to an arbitrary landmark
(see the illustration in Fig. 3). Let (b, r) denote a pair of vector measurements,
where b and r are vector representations of s in SB and SR , respectively. Denote
the position of CM and the position of the landmark center, both in SR , by p and
p(i) , respectively. Therefore, one can immediately compute
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Fig. 4 Block diagram of the MEKF [15].

r=

p(i) − p
.
kp(i) − pk

(7)

In order to compute b from the landmark image, consider the pinhole camera
model [11], with focal length f , as illustrated in Fig. 3. Define the image coordinate system SI , {XI , YI , ZI } with origin at the camera center (see Fig. 3). For
simplicity, assume that the camera center coincides with CM. From the image
data, one can measure the SI vector bI = [xI yI f ]0 , which points from C to the
landmark image on the image plane.
Now, define the SB vector bB corresponding to bI . It can be computed by
bB = Γ bI , where


1 0 0
(8)
Γ ,  0 −1 0  ,
0 0 −1
which is obtained by inspection of the relationship between SI and SB , as depicted
in Fig. 3.
Finally, the SB representation of the unit vector pointing from CM towards
the landmark is given by
bB
b=
.
(9)
kbB k
3.3 Module 3: Attitude Estimation
The method proposed here is based on the Multiplicative Extended Kalman Filter
(MEKF) first introduced in [15]. To explain the MEKF, consider the block diagram
of Fig. 4 and the following definitions. Denote the quaternion estimate at instant
k by q̂k|k . Let the MRP m(t) represent the true attitude error with respect to

𝐪𝑘+1|𝑘+1
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the quaternion estimate q̂k|k . Denote the MV filtered estimate of m(t) at instant
k + 1 by m̂k+1|k+1 and the corresponding covariance matrix by Pk+1|k+1 . The
attitude error estimate m̂k+1|k+1 is computed by the continuous-discrete formulation of the extended Kalman filter (EKF) [3], considering the state model (5) and
the measurement model (2)-(3), for i = i1 , i2 , ..., in (indices of the visible landmarks at instant k). Now, in order to compute the quaternion estimate at instant
k + 1, q̂k+1|k+1 , the error estimate m̂k+1|k+1 is incorporated into the previous
quaternion estimate q̂k|k by the following multiplicative update scheme:

q̂k+1|k+1 = δq m̂k+1|k+1 ⊗ q̂k|k ,

(10)


where ⊗ denotes the quaternion multiplication and δq m̂k+1|k+1 denotes the
quaternion error corresponding to the MRP error m̂k+1|k+1 [21]. Finally, it is
worth mentioning that, as soon as q̂k+1|k+1 is computed, it becomes the new
reference for the attitude error m(t) and, in this case, m̂k+1|k+1 is reset before
starting the next iteration of the filter. Note that the MEKF maintains the unit
norm of its estimates by means of the multiplicative quaternion update of equation
(10), since the quaternion multiplication of two unit quaternions results in a third
unit quaternion.
In the present paper, the error update of the MEKF is modified. While the
original version adopts a batch update, considering all the n pairs of vector measurements belonging to Vk+1 at once, the novel version processes them sequentially,
one at a time, according the to following algorithm:
m(0) = m̂k+1|k ,

(11)



(ij )
(ij )
− b̂k+1 , j = 1, 2, ..., n,
m(j) = m(j−1) + K(ij ) b̌k+1

(12)

m̂k+1|k+1 = m(n) ,

(13)

where m(j) , j = 1, 2, ..., n, are auxiliary variables for storing the intermediate
(ij )
updated estimates, b̌k+1
is the SB measurement taken from the ij th landmark, and
(ij )

b̂k+1 is the predicted value of the SB measurement taken from the ij th landmark.
The latter is computed on the basis of model (2)-(3), considering mk = m(j−1) .
The modified method will be called by Multiplicative Extended Kalman Filter
with Sequential Update (MEKFSU). Note that the new version is a convenient
implementation for the paper’s problem, in which the number of visible landmarks varies with time. In the MEKF, this variation would require an update
with changing dimension.

4 Simulation and Results
The present section evaluates the accuracy and convergence rate of the MEKFSU
method using Monte Carlo simulations. The Simulink 3D Animation environment
is adopted for simulating artificial camera images.
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Table 1 Simulation scenarios.
Case

$ (rad/s)

a (rad/s)

1
2
3

10
5
2

2π/180
2π/180
2π/180

4
5
6

10
5
2

6π/180
6π/180
6π/180

7
8
9

10
5
2

12π/180
12π/180
12π/180

4.1 Simulation of the True Movement and Environment
For simplicity, the vehicle’s movement is simulated in the Simulink environment
only in its attitude kinematics, modeled by equation (5), considering that it is
excited by a sinusoidal angular velocity of the form:



a sin($Ts k)
ω k =  a cos($Ts k)  ,
a cos($Ts k)

(14)

where $ is the frequency, a is the amplitude, Ts is the sampling time. It is worth
emphasizing that for computing the vector measurements, the vehicle’s position
have to be known (see equation (7)). In a practical situation, this information
could be provided by a GPS receiver, for example. Here, without loss of generality,
the position is considered constant just to simplify the simulation of the artificial
images.
In the Simulink 3D Animation environment, we implemented a graphical visualization of a quadrotor with its attitude varying according to (5) with velocities
given by (14). Fig. 5(a) depicts it. Color landmarks were placed on the floor of
this virtual environment. Table 2 lists the colors and respective positions chosen
for the landmarks. A total of nine landmarks are taken into consideration in our
simulations. For simulating the sequence of images, a virtual camera is placed at
the vehicle’s position. Fig. 5(b) shows one image read from the Simulink 3D Animation when SB is exactly aligned with SR . For simplicity and easy visualization,
the virtual quadrotor is fixed at the position p = [0 0 1]0 m. The sequence of artificial images is processed in the Simulink environment for detecting and identifying
the visible landmarks at each sample time (note that since, in our illustration of
the proposed method, the artificial images are noise-free and the landmarks have
exactly known colors and positions, the detection and identification processing are
straightforward). A sampling rate of 30 frames per second (FPS) is considered.
For evaluation, nine different combinations of $ and a are taken into account,
as reported in Table 1. The covariance matrices of the noise terms on the angular
velocity measurements and on the vector measurements are set with the values
(i)
(i)
Q = (0.0005)2 I3 (rad/s)2 , Rb,k = (0.001)2 I3 , and Rr,k = 03×3 .
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Fig. 5 (a) The simulation environment using Simulink 3D Animation and (b) the camera
point of view.

Table 2 The color and position of the landmarks.
Landmark
1
2
3
4
5
6
7
8
9

Color (R;G;B)
(153;0;153)
(0;0;255)
(255;0;255)
(0;255;255)
(255;0;0)
(255;255;0)
(0;153;153)
(0;255;0)
(153;153;0)

SG Position (x;y;z)
(-0.3;-0.3;0)
(-0.3;0;0)
(-0.3;0.3;0)
(0;-0.3;0)
(0;0;0)
(0;0.3;0)
(0.3;-0.3;0)
(0.3;0;0)
(0.3;0.3;0)

Table 3 Monte Carlo simulation parameters.
Initial true attitude in MRP
Covariance of the initial attitude error
Initial estimated attitude in MRP
Sampling period
Number of Monte Carlo runs
Simulation time


0
m0 = 0 0 0
P0 = (12)2 I3
m̂0|0 ∼ N (m0 , P0 )
Ts = 0.001 Hz
MC = 100
T = 10s

1

4.2 Evaluation
The MEKFSU method is evaluated on the basis of a Monte Carlo (MC) simulation
for each of the nine cases shown in Table 1. The adopted MC simulation parameters
are given in Table 3.
1 This notation means that m̂
0|0 is a realization of a Gaussinan random vector with mean
and covariance of m0 and P0 , respectively.
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Table 4 Attitude estimation results.
Case

$ (rad/s)

a (rad/s)

max ¯k (degree)

1
2
3

10
5
2

2π/180
2π/180
2π/180

0.5694
0.6229
0.7366

4
5
6

10
5
2

6π/180
6π/180
6π/180

0.9059
1.2640
2.0000

7
8
9

10
5
2

12π/180
12π/180
12π/180

1.6470
2.3730
4.1570

In order to measure the accuracy of the filter, the following figure of merit is
considered:

i 1
1 h
k = acos
tr D(qk )D(q̂k|k )0 −
,
(15)
2
2
where D(qk ) is the true attitude matrix and D(q̂k|k ) is the corresponding attitude matrix estimate. Note that k ≥ 0 consists of the principal Euler angle
corresponding to the error attitude matrix given by the product D(qk )D(q̂k|k )0 .
Figures 6–8 show the MC averages ¯k and standard deviations σ,k of k for
the nine simulation cases established in Table 1. Moreover, Table 4 shows the maximum values for ¯k . One can see that by decreasing the frequency $ of variation
of the angular velocity, the filter accuracy is reduced. This is explained by the loss
of observability due to the slow variation of the vector measurements with time
when the vehicle is moving slowly. On the other hand, one can also observe a loss
of accuracy as the amplitude a of variation of the angular velocity is increased.
This is because the number of visible landmarks descreases as the amplitude a
is increased; a smaller number of landmarks implies in a smaller amount of data
and, consequently, in a reduced observability. Based on Table 4, one can see that,
for small amplitudes a (and, consequently, for a large amount of visible pairs of
vector measurements), in average, it is possible to obtain an accuracy better than
one degree, which is sufficient for multirotor aerial vehicles.
Although we have not evaluated the proposed method for different values of
camera FPS, in general, the performance of any stochastic estimator, recursive or
not, is always improved by increasing this parameter, since it implies in a larger
amount of measurement data in a certain period of time. This can be justified by
the well-known Law of Large Numbers [18]. In other words, with a faster camera,
one would expect a better performance of the MEKFSU.

5 Conclusion and Future Work
The present paper has proposed a new method for determining attitude from vector measurements taken from a single downward-pointing camera attached on a
vehicle that navigates in an environment with known landmarks. The method can
be viewed as an effective complement to the conventional ones which are based on
magnetometers and inertial sensors. The idea of the method was taken from the
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2
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1.5
0k
3<0,k + 0k

1

0k ∀ MC = [1, 100]

0.5
0
0

5000
10000
Discrete time instant

Fig. 6 Attitude error for cases 1–3.

aerospace literature, where attitude determination from vector measurements for
space vehicles is a mature topic. In space, the vector measurements are taken with
a variety of sensors (solar sensor, magnetometer, star sensor, horizon sensor, etc.).
For aerial robot applications, typical sensors available for attitude determination
are the magnetometers (to measure the local magnetic field) and accelerometers
(to measure the gravitational acceleration). In general, such methods suffer from
two disadvantages. First, the accelerometers only measure the difference between
the total acceleration and gravity. Then, in order to measure the gravitational
acceleration (as a vector measurement), one needs to assume that the vehicle does
not accelerates, which may not always be true, e.g., in curves. Second, in environments where an aerial robot typically operates (low altitude and indoors), the local
magnetic field can suddenly change in such a way that one cannot predict its value
in the reference coordinate system. This work shows that with a single camera,
one can take as many vector measurements as the number of visible landmarks.
The proposed method was structured in three modules: 1) landmark detection
and identification; 2) vector measurement computation; and 3) attitude estimation. The main contributions of the paper are the modular framework itself and
a new attitude estimation method, named multiplicative extended Kalman filter
with sequential update (MEKFSU). The MEKFSU differs from the well-known
MEKF in that, at each sampling time, the former processes the available pairs
of vector measurements in a sequential form, one pair at a time. We argue that
this is a convenient implementation, since the number of visible landmarks (and
then, the number of available pairs of vector measurements) can vary with time.
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Case 4
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1
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1
0.5
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Case 6

3
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2
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Angular error in degree

2

0
0
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2

0k
3<0,k + 0k

1

0
0

0k ∀ MC = [1, 100]

5000
10000
Discrete time instant

Fig. 7 Attitude error for cases 4–6.

In this case, the MEKF would require an implementation in which the filter update changes its dimension along the time. Monte Carlo simulations showed that
the proposed method is effective and provides estimates sufficiently accurate for
multirotor aerial vehicles.
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